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EFFECT OF EEGE LOADINGS ON THE 
VIBRATION OF RECTANGULAR PLATES W I T H  
VARIOUS BOUNDARY CONDITIONS 
By George E. Weeks and John L. Shideler 
Langley R e s  ear ch Center 
The natural  vibrat ion charac te r i s t ics  of f l a t  orthotropic rectangular 
p l a t e s  with inplane loads  and various boundary conditions are investigated 
theore t ica l ly .  A set of frequency equations i s  derived which i s  va l id  f o r  
p la tes  having edges simply supported, clamped, or e l a s t i c a l l y  res t ra ined against  
rotat ion.  The solutions t o  these frequency equations a r e  presented i n  terms of 
two general parameters which are functions of length-width r a t io ,  s t i f f n e s s  
ra t ios ,  frequency, and inplane s t r e s s .  These solutions a re  exact if one p a i r  
of opposite edges i s  simply supported, otherwise the  solutions a re  approximate. 
However, these approximate solut ions a re  shown t o  be i n  excellent agreement 
with converged modal solutions.  The r e s u l t s  of t h e  analysis  a re  tabulated so  
tha t ,  f o r  the  boundary conditions considered, t h e  buckling stress, and the  var- 
i a t i o n  of frequency and modal behavior with inplane s t r e s s  can be quickly and 
accurately determined f o r  la rge  ranges of length-width ra t io ,  s t i f f n e s s  ra t io ,  
and inplane s t r e s s .  
INTRODUCTION 
External surfaces of f l i g h t  vehicles have been shown t o  be susceptible t o  
various types of aeroe las t ic  i n s t a b i l i t i e s  - the  most noticeable of which i s  
f l u t t e r .  However, f l u t t e r  analyses are, t o  a la rge  extent, dependent on predic- 
t i ons  of vibrat ion and buckling charac te r i s t ics  of surface s t ruc tu ra l  compo- 
nents, par t icu lar ly  under inplane loading conditions. One of t he  most basic  of 
these s t ruc tu ra l  components i s  t h e  rectangular p la te .  
The problem of determining the  natural  vibrat ion charac te r i s t ics  of iso- 
t r o p i c  rectangular p l a t e s  i n  t h e  absence of normal and inplane loading with 
various bsundary conditions has been the  object of numerous theo re t i ca l  and 
experimental invest igat ions.  (See, f o r  example, r e f s .  1 t o  5 . )  I n  fewer 
instances, t he  e f f ec t  of inplane loading on simply supported or clamped p la tes  
has been studied. (See refs. 5 t o  10.) However, t he  more general  cases of 
i so t ropic  and orthotropic p l a t e s  with e l a s t i c a l l y  res t ra ined edges subjected 
t o  inplane loads have received much l e s s  a t ten t ion .  
The most comprehensive treatment of t h e  e f f ec t  of inplane loading on the  
v ibra t ion  of p l a t e s  with e l a s t i c a l l y  res t ra ined  edges i s  due t o  Schulman 
( r e f .  11) who treats t h e  case of an i so t ropic  rectangular p l a t e  subjected t o  
inplane loading with e l a s t i c  r e s t r a i n t s  along t h e  longi tudinal  edges and with 
simple supports on the  lateral edges. The constant inplane loads throughout 
t h e  p l a t e  were assumed t o  be due t o  r e s t r a i n t  against  thermal expansion. The 
exact frequency equation w a s  derived but w a s  solved exactly f o r  only one given 
length-width r a t i o  and e l a s t i c  r e s t r a i n t  coef f ic ien t .  However, two approximate 
solut ions t o  t h e  vibrat ion problem were presented which were based on: (1) the  
assumption t h a t  t h e  mode shapes remain unaltered with increasing temperature, 
thus  obtaining a l i n e a r  re la t ionship  between t h e  frequency parameter and 
inplane loading and (2) an energy approach using Lagrange's equations. 
f o r  both methods were presented i n  terms of a frequency-temperature re la t ion-  
sh ip  (ref. 11). 
Results 
I n  the  analysis  t h a t  follows, an or thotropic  p l a t e  with b i ax ia l  inplane 
loading and ro t a t iona l  springs of equal e l a s t i c  r e s t r a i n t  on opposite edges i s  
considered. The magnitude of e l a s t i c  ro t a t iona l  r e s t r a i n t  i s  defined by a 
r e s t r a i n t  coeff ic ient  having a value of zero f o r  simple supports and i n f i n i t y  
f o r  clamped supports. S ta r t ing  with the  governing p a r t i a l  d i f f e r e n t i a l  equa- 
t ion ,  t h e  frequency equations a re  derived. These equations a re  exact i f  one 
p a i r  of edges i s  simply supported but approximate i f  supported otherwise. The 
frequency equations a r e  then solved f o r  several  representative values of t he  
ro t a t iona l  r e s t r a in t  coeff ic ient ,  including the  spec ia l  cases corresponding t o  
simple and clamped supports. 
The r e su l t s  are presented i n  tabular  and graphical forms i n  terms of two 
general  parameters which are functions of frequency, length-width rat io ,  stiff- 
ness ra t ios ,  and inplane s t r e s s .  With these resu l t s ,  t he  frequency-stress 
re la t ionship and buckling charac te r i s t ics  of a p l a t e  can be quickly and accu- 
r a t e l y  determined f o r  la rge  ranges of length-width ra t io ,  s t i f fness  ra t io ,  
inplane loading, and ro t a t iona l  r e s t r a in t  at t h e  boundaries. 
SYMBOLS 
- -  
A, B parameters defined by equation (4 )  
a,b p l a t e  length i n  x-direction and y-direction, respectively 
B1, B2, B3, B4 constants of integrat ion appearing i n  equation (10) 
B;,B;,B;, B; constants of integrat ion appearing i n  equation (14) 
Co, C1, C2 coeff ic ients  defined by equation (7) 
bending s t i f f n e s s  of an i so t ropic  p l a t e  Eh3 
DxjDy p la t e  bending s t i f f n e s s  i n  x- and y-directions, respectively 
p l a t e  twist ing s t i f f n e s s  DxY 
D1,D12,D2 p l a t e  s t i f f n e s s  coeff ic ients  defined by equation (6 )  
E Young ' s modulus 
e base of Naperian logarithm 
h p l a t e  thickness 










nondimensional stress coefficient,  - 
fi% 
Nyb2 
nondimensional s t r e s s  coefficient,  - 
fi 2D1 
integers  defining mode number i n  x- and y-direction, respectively 
inplane loading i n  x-direction, posi t ive i n  compression 
inplane loading i n  y-direction, pos i t ive  i n  compression 
ro t a t iona l  r e s t r a i n t  coeff ic ient  on boundary, x = +E -2 
ro ta t iona l  r e s t r a i n t  coeff ic ient  on boundary, y = +b- 
2 
time 
v e r t i c a l  def lect ion of p l a t e  
assumed var iables  separable solut ion of d i f f e r e n t i a l  equation ( la )  
Cartesian coordinates (See f i g .  1. ) 
nondimensional parameters defined by equations (11) and (13) 
nondimensional coordinates i n  x- and y-direction, respectively, 
E=g,  X q = b  x 









spring constant of ro ta t iona l  springs supporting p l a t e  on the  
boundaries x = kg and y = kb- respect ively 2 2, 
Poisson's r a t i o  f o r  i so t ropic  p l a t e  
Poisson's r a t i o  i n  x- and y-direction, respectively 
m a s s  densi ty  per  un i t  area 
na tura l  frequency 




Solution t o  P la t e  Equation 
The p la te  configuration and coordinate system used are  shown i n  f igure  1. 
The p l a t e  i s  subjected t o  inplane forces  N, and %, defined posi t ive i n  
compression. The boundary conditions a r e  such t h a t  uniform ro ta t iona l  restraint 
on opposite edges i s  provided by a restor ing moment per  un i t  length which i s  
proportional t o  t h e  edge angle of rotat ion.  Also, support conditions a re  such 
t h a t  t he  transverse def lect ion on a l l  edges i s  zero. 
With inplane loads, t h e  d i f f e r e n t i a l  equation of  s m a l l  def lect ion theory 
governing vibrations 0: a f la t  orthotropic p l a t e  i s  ( r e f .  12) 
2 a w  a w  
aY2 at2 
2 
+ p - = o  + Ny -
4 
with boundary conditions - 
\ 
Dx a2w & = o  and w = o  - Vx% ax2 ax at x = - -  2 
2 
at  x = + ZJ Dx a + g x a K = o  ana w = o  
1 - ycl-~y ax2 ax 
where ex and eY are  t h e  spring constants of t h e  ro t a t iona l  springs on t h e  
boundaries x = k2 2 
bending s t i f fnesses  i n  the  x- and y-directions, respectively; and i s  the  
p l a t e  t w i s t i n g  s t i f fnes s .  ~n exact closed-form solut ion t o  equation ( la )  i s  
known only f o r  t h e  special  case where two opposite edges are simply supported. 
However, an approximate solution can be obtained f o r  t he  general  case i n  the  
following manner. Assume 
and y = kk respectively; D, and Dy a r e  the  p la te  2’ 
Dxy 
where (o i s  the  na tura l  f re -  
quency; y ( ~ )  i s  some assumed 
mode shape t h a t  s a t i s f i e s  t h e  
boundary conditions on t h e  
boundaries y = kb* 2’ and x(z) 
i s  a mode shape t o  be deter-  
mined. Subst i tut ion of equa- 
t i o n  (2)  i n t o  equation ( la ) ,  
mult ipl icat ion by Y - , and 
integrat ion over t h e  width 
with respect t o  y y i e lds  an 
ordinary d i f f e r e n t i a l  equation 
i n  x(:). This procedure i s  
e s sen t i a l ly  t h e  first s t e p  of 
(3 
Figure 1.- Geometry and coordinate system. 
5 
a Galerkin procedure which, for this case, is equivalent to the method of 
Kantorovich. (See ref. 13. )  After nondimensionalization, this procedure 
yields 
where 
fl4Ex(5) = 0 
+ 9.1 2 
c 
r )  '3 
and 
X Y 5 = -  a 17 =; 
( 3 )  
( 4 )  
The primes and Roman numeral superscripts denote differentiation with respect 
to E and 7. Note that the parameters A and depend on the assumed 
shape Y(7) through the coefficients C1/Co and C2/Co. Thus equation ( 3 )  is 
an approximation unless Y(7) is the exact mode shape in the y-direction. 
The boundary conditions (eqs. (lb)) become - 
X"(5) - qxX'(E) = 0 and X(E) = 0 
X " ( 5 )  + b X ' ( 6 )  = 0 and X(6) = 0 at 6 = 112 
where 
6 
The exact solut ion t o  equation ( 3 )  f o r  unequal roots of the  charac te r i s t ic  
equation i s  X ( s )  = XA + Xs, where 
and 
Note t h a t  both a and p are functions or frequency s ince they a re  functions 
of E. Equations (11) can be solved f o r  A and B i n  terms. of a and p 
t o  ge t  
The parameters and can be e i t h e r  posi t ive o r  negative. For 5 posi- 
t ive ,  both a and p a re  always r ea l .  For negative, a and p would 
be complex when 
and negative ro ta t iona l  r e s t r a in t .  But f o r  t h i s  invest igat ion only posi t ive 
values of ro ta t iona l  - r e s t r a in t  are considered so t h a t  
and a r e a l  when 13 i s  negative. Thus, f o r  convenience, define 
1x1 > x2. This could occur for cer ta in  loading conditions 
p i s  pure imaginary 
.(-x - /=y2 (13) - p = i p = -  2 
such t h a t  f o r  E negative, t h e  solut ion t o  equation (3) i s  
with 
Frequency Equations and Deflection Functions 
Application of t h e  boundary conditions (eqs. ( 9 ) )  t o  equations (10) and 
equations (14) results i n  two sets of four  l i n e a r  homogeneous equations i n  




f o r  g, negative. 
t h e  determinants of t h e  coeff ic ients  vanish. Further, t he  expansion of each 
of these determinants can be reduced by factor ing i n t o  equations for-symmetri- 
c a l  and asymmetrical modes. The resu l t ing  frequency equations f o r  B posi t ive 
These equations have nont r iv ia l  solutions i f ,  and only if ,  
a re  - 
2(a2 + p2) + qx(a t an  a + p tanh p )  = o 
2(a2 + p2) - qx(a cot a - p coth p )  = 0 
and f o r  negative are - 
( Symme t ri c a l  
- 
2(a2 - a2) + q,(a t an  a - p tan  = o 
2(a2 - p') - qx(a cot a - p cot p) = 0 - 
- 
The corresponding def lect ion functions f o r  posi t ive B a re  - 
cosh 2pS cos a xs = cos 2 4  - 
cosh p 
sinh 2pS s i n  a 
sinh p XA = s i n  2 4  - 
- 
and f o r  negative B a re  - 
-I 
cos a xs = cos 2a5 - cos 2pE ( Symmetrical ) 
cos j5 
s i n  2Ft (Asymmetrical) s i n  a XA = s i n  2a5 - 
s i n  J 
For the  special  case of simple supports, it can be shown t h a t  
equations (18) and (19) reduce t o  the  well-known equations 
a = IW - and 
2 
, t h a t  
x ~ ( E )  = cos mfis (m = 1, 3, 5 ,  . . . j) 
XA(E)  = s i n  mat ( m  = 2, 4, 6 ,  . . . )  ( 2 0 )  
Substi tution of equations (20) in to  equation ( 3 )  yields  the  following re la t ion  
between and fii 
- 
m4 + 2iii? - B = o (21) 
8 
RESULTS AND DISCUSSION 
- 
The frequency equations (16) and (17) were solved f o r  a and p o r  p 
i n  such a manner-as t o  gLve the  s ix  lowest frequencies f o r  a given value of 
The parameters A and B were calculated from e i t h e r  equation (12) o r  equa- 
t i o n  (15). = my 40, 10, 
and 2, respectively.  
t he  var ia t ion  of B with x f o r  qx = 0, 03, and 10, respectively.  
q,. 
The r e su l t s  a r e  tabulated i n  t ab le s  l t o  4 f o r  
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Figure 2.- Variation of with Ti f o r  a p l a t e  simply supported on 
boundaries x = +a 5. q, = 0. 
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Figure 3. -  Variation of E with f o r  p la te  clamped on boundaries 
a x = f-. s, = m. 
The headings "curve I, 11," and so on, i n  the tables refer t o  t h e  s imilar ly  
labeled curves on figures 2 t o  4.  
and throughout t h i s  report  by a mode number m i n  the  x-direction, ( n  i n  the  
y-direction) indicat ing m - 1 (n  - 1) l i n e s  of zero def lect ion.  However, it 
should be noted tha t ,  with t h i s  def ini t ion,  no r e s t r i c t i o n  has been placed on 
t h e  number of l i n e s  of in f lec t ion  t h a t  may occur i n  any given mode. 
f o r  t h i s  important d i s t i nc t ion  w i l l  become apparent later.  
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Figure 4.- Variation of w i t h  f o r  p l a t e  e l a s t i c a l l y  restrained on 
boundaries x = *-. qx = 10. a 
2 
- and 
B not tabulated.  For values of posi t ive - A g rea t e r  than those presented i n  
the  tables ,  t he  corresponding values of B can be determined from the  approxi- 
mate-equation ( A 8 )  derived-in appendix A. 
as A + m .  No values of A and B were tabulated f8r qx = 0 as these 
values are readi ly  obtained from equation (21). For values of 9~ not used i n  
- t he  solutions of t h e  frequency equations, t h e  corresponding values of A and 
B can be obtained by cross p lo t t ing  the  r e su l t s  i n  t h e  tab les .  
Linear interpolat ion within the  t ab le s  - may be used f o r  values of 
This equation becomes more accurate 
- 
11 
Modal Character is t ics  
For simple support boundary conditions, t h e  mode shapes (en. (20)) are 
exact solut ions regardless of t h e  inplane loading condition. Hence the  mode 
shapes f o r  simply supported plates-are independent of inplane stress. This 
independence r e s u l t s  i n  a l i n e a r  r e l a t ion  given by equation (21) and 
p lo t ted  i n  figure 2. 
supports the-mode shapes given by equatLons (18) and (19) are dependent on a 
and p or p which are functions of A and 5 (eqs. (12) and (15)). This 
dependence of m o d e  on stress results-in nonlinear re la t ions  as shown i n  
f igures  3 and 4. For t h e  range of A where t h e  var ia t ion  of with is  
near&y l inear ,  t h e  changes - - i n  mode shape with stress are s l igh t ;  For t h e  range 
of A f o r  which t h e  B,A var ia t ions are highly nonlinear, t h e  changes i n  m o d e  
shape with stress are s igni f icant .  An example showing t h e  change i n  symmetri- 
c a l  mode shapes f o r  clamped supports i s  i l l u s t r a t e d  i n  f igure  5 by p lo t t ing  
mode shapes corresponding t o  var ious values of and 5. The E,g plot  i s  
divided in to  three  regions by the  B = 0 l i n e  and t h e  curves f o r  t he  f i rs t  
and t h i r d  simply supported modes. 
t e r i s t i c  mode shape as shown i n  f igure  5 .  For instance, consider curve I I I m ,  
where t h e  subscript  m indicates  t h e  mode n x b e r .  I n  region R along the  
1113 curve, two node l i n e s  ex i s t .  From the  B = 0 l i n e  t o  t h e  f i rs t  simply 
supported mode l ine ,  or region R1, no node l i n e s  ex i s t  along t h e  1111 curve. 
Between the  first and t h i r d  simply supported mode l ines ,  o r  region R3, two node 
l i n e s  again ex i s t  along t h e  1113 curve. Generalizing, f o r  negative B, it i s  
found t h a t  t h e  f i rs t  mode ( m  = 1) can exist only i n  region R 1 .  
while no points of zero def lect ion exist i n  region R1,  hence no node l ines ,  t h e  
mode shapes may have more than one point of i g l e c t i o n . )  
mode (m = 3 )  can ex i s t  only i n  t h e  region of B (region R 3 )  defined between the  
first and t h i r d  - simply supported modes; t h e  f i f t h  mode can exist  only i n  the  
region of B defined between the  t h i r d  and f i f t h  simply supported modes; and 
so on. 
A,B 
I n  contrast ,  f o r  boundary conditions other than simple 
- -  
A,B 
I n  these regions each curve has a charac- 
- 
(Note t h a t  
Similarly, t h e  t h i r d  
Similar behavior i s  a l s o  observed f o r  t h e  clamped asymmetrical modes as 
wel l  as f o r  t h e  symmetrical and asymmetrical modes with ro ta t iona l  r e s t r a in t .  
Further, it i s  noted t h a t  cer ta in  solutions t o  t h e  frequency equations are 
independent of t h e  magnitude of ro ta t iona l  r e s t r a i n t .  These points are indi- 
cated i n  f igures  2 t o  5 by t h e  c i r c l e s  and correspond t o  points of a change i n  
mode number f o r  qx > 0. 
With t h e  preceding observations it w a s  found t h a t  t h e  modal characteris-  
t i c s  of an orthotropic p l a t e  can be described as follows: f o r  E negative, 
i f  m i s  odd (even), all symmetrical (asymmetrical) modes, f o r  clamped or 
ro ta t iona l ly  res t ra ined supports, between the  mth and m - 2 simply supported 
modes can exist on ly  i n  t he  mth mode. (The cases of m - 2 = -1 f o r  m = 1 
and m ' -  2 = 0 f o r  m = 2 should be interpreted as t h e  B = 0 axis.) 
ct 
With t h i s  m o d a l  behavior, which i s  typ ica l  of what has been presented, it 
i s  in te res t ing  t o  note tha t ,  for qx > 0, the  first (fundamental) mode (as 
12 
CHARACTER I S T  I C  MODE St’4PES 
FOR C L A M P E D  EDGE C O N D I T I O N S  
Figure 5.- Variation of 5 with 
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M o d e  
s h a p e s  
for symmetrical modes for clamped and simple supports 
showing regions of existence of mode shapes. 
mode. 
Shaded. areas indicate absence of f i r s t  
- 
defined herein)  does not ex i s t  f o r  cer ta in  values of negative 
regions a re  indicated by the  shaded areas i n  f igure  5 f o r  clamped supports. 
A. These 
It should be fu r the r  noted tha t ,  from t h e  de f in i t i on  of_ and 
(eq. (4) ) ,  a necessary requirement t o  be i n  the  negative A,B region is  com- 
pressive inplane loading i n  the  x-direction. 
compressive, t he  increasing order of frequencies does not necessar i ly  corre- 
spond t o  an increasing order of mode numbers.) 
(When the inplane loading becomes 
I 
Application of Results 
I n  t h e  preceding sections, t h e  results have been discussed i n  terms of t h e  
general parameters A and B. The application of these results t o  obtain t h e  
natural  frequencies of a rectangular p l a t e  subjected t o  normal inplane loadings 
and having a rb i t r a ry  ro ta t iona l  r e s t r a in t  at t h e  edges i s  i l l u s t r a t e d  i n  the  
following sections.  The buckling load may a l so  be determined by se t t i ng  the  
frequency equal. t o  zero. Without r e s t r i c t i n g  t h e  general i ty  of t h e  results, 
t h e  following numerical examples w i l l  be given only f o r  an i so t ropic  plate,  
t h a t  is, D1 = D12 = De = D. 
For any given problem t h e  or ientat ion of the  coordinate system is  arbi-  
t r a r y  ( the  x- and y-coordinates of f i g .  1 may be interchanged) f o r  t he  calcu- 
l a t i o n  of C,/CO and C2/Co and f ina l ly ,  A and B. The preferred orienta- 
t i o n  i s  the  one t h a t  leads t o  the  lowest buckling load o r  vibrat ion frequency 
since t h i s  load or frequency corresponds more closely t o  t h e  exact answer. A s  
a guide, i f  at  least one value of A calculated from both - orientat ions i s  
both values of A a re  posit ive,  t h e  or ientat ion giving t h e  l a rges t  pos i t ive  A 
should be used. 
lowing examples. 
- 
negative, t he  or ien ta t ion  giving the  la rges t  negative A should be used. If - 
This procedure i s  followed i n  the  calculations of t h e  fo l -  
Effect of inplane stre= on natural  fxezency . -  For a beam, A and B 
reduce t o  a nondimensional axial load and frequency, respectively, so  t h e  tab- 
ulated solutions f o r  E posi t ive give. t he  frequency-stress re la t ions  d i rec t ly .  
However, t h e  coeff ic ients  C l I C o  and C*/Co i n  t he  parameters A and f o r  
a p l a t e  are functions of the  mode shape i n  t h e  y-direction. Clearly then, t he  
values of these coefficients,  and h 
boundaries must be specif ied before 
nce, the  support conditions on t h e  y = & 2 
the  frequency-stress 
Figure 6.- Variation of C1/Co with ro ta t iona l  r e s t r a in t  coeffi- 
c ient  q, f o r  first f o u r  modes i n  y-direction. 
re la t ionship of a 
p l a t e  can be deter-  
mined. I n  appendix B, 
a method of calcu- 
lating these coeffi- 
c ients  using beam 
modes i s  given f o r  
values of ro ta t iona l  
r e s t r a i n t  o < q 5 m .  
The results f o r  %e 
first four  modes are 
p lo t t ed  i n  figures 6 
and 7. With C,/Co 
and C2/C0 known f o r  
any ro ta t iona l  elas- 
t i c  res t ra in t ,  and 
qy and a/b given, 
can be calculated 
f o r  any k,. Then, 
with t h e  appropriate 
boundary conditions 
14 
a t  x = f a  t h e  corre- 
sponding value of B 
can be obtained from t h e  
t ab le s  and hence, t he  
2' - 
2 
frequency (e) can be 
calculated f o r  any ky. 
The r e su l t s  o f ' t h i s  
procedure a re  shown i n  
f igure  8 f o r  (a)  a p l a t e  
simply supported on a l l  
four  edges and (b )  a 
p l a t e  clamped a t  the  
a edges x = f- and simply 
2 
supported a t  t h e  edges 
y = fb The r e su l t s  a re  
2' 
3 
I O  
Figure 7.- Variation of c ~ / C O  with ro ta t iona l  r e s t r a in t  coef- 
f i c i e n t  q, for first four modes i n  y-direction. 
exact since the  edges are  simply supported a t  y = fL. From f igures  6 and 7, 
2 
,-l ,-l - c;2 - = -1 and - = 1, hence, A and become (see eq. ( 4 ) )  
fi2Co cO& 
A = +(E)  2 (n2 - kX F )  'I 
where a/b, n, and ky were a r b i t r a r i l y  chosen t o  be f = 3 ,  n = 1, and 
ky = 0. 
Figure 8 shows t h a t  an increase i n  s t r e s s  r e su l t s  i n  a l i n e a r  decrease 
i n  the  square of t h e  frequency f o r  t h e  simply supported p l a t e  but a nonlinear 
decrease f o r  t he  p l a t e  clamped along t h e  loaded edges. Also shown i n  the  f ig -  
ure  i s  t h e  region of absence of t h e  f irst  mode (for t he  case where the  loaded 
edges were clamped) along with the  points  A,B where t h e  mode numbers change. 
For correlat ion of these A,B points, see f igures  2 and 3 .  
- -  
- _  
Pla te  buckling character is t ics . -  The buckling s t r e s s  for a p la t e  with 
given geometry and boundary conditions can be determined from t h e  frequency- 
s t r e s s  p lo t  f o r  t h e  p l a t e  as the  lowest s t r e s s  which makes a zero frequgncy. 
However, it i s  more su i tab le  t o  use the  solutiong i n  terms of A and B 
d i r ec t ly .  For buckling, with a given value - of A, t he  curve (see, f o r  instance, 
f i g s .  2 t o  4) with the  lowest value of B 
buckling load. For i l l u s t r a t ion ,  t h e  previous example of a p l a t e  simply sup- 
should be used t o  obtain the  lowest 
ported at y = f- b and clamped at x = fa- w i l l  be considered. With (z)2 = 0, 2 2 
equation (22) y ie lds  
I 
With ky specified, t h e  var ia t ion  of k, with a can be determined for spec- 








Figure 8.- Variation of frequency parameter with s t r e s s  coefficient fo r  a clamped and 
simply supported p l a t e  a t  
absence of first mode. 
x =*E  
2' 
E = 3; k Y -   OS n = 1. Shaded area indicates 
16 
frequency equations (16) and (17). 
The appropriate value of n i s  
t h a t  which yields  t h e  lowest value 
of kx. The r e su l t s  obtained from 
equation ( 2 3 )  f o r  
which n = 1, are shown i n  f ig-  
ure 9; a l so  shown f o r  comparison 
are t h e  approximate solutions of 
reference 14. 
ky = 0, f o r  
Comparison With Other Results 
The preceding examples are  
exact because one pa i r  of opposite 
edges w a s  simply supported. An 
indicat ion of t he  accuracy of t h e  
approximate r e su l t s  can be obtained 
by considering a case where a l l  
edges are ro ta t iona l ly  res t ra ined.  
One of t h e  l a rges t  deviations from 
the  exact solution could be 
expected for a square p l a t e  clamped 
on a l l  four edges since the  edge 
e f f ec t s  (boundary conditions) are 
more predominant than they are f o r  
other  length-width r a t io s .  Accord- 
ingly, t he  vibrat ion and buckling 
charac te r i s t ics  of such a p l a t e  
have been determined by t h e  method 
presented herein for comparison with 
t h e  r e su l t s  which have been obtained 
i n  t h e  l i t e r a t u r e .  
. 
a .  
7. 
7 .  
6 
6 .  
k* 
6 ,  
5 .  
5 .  
4 




E x a c t  
i e f .  




Figure 9.- Nondimensional buckling s t r e s s  plot ted 
a against - f o r  p l a t e  clamped at x = + E  
b 2 
simply supported a t  y = +:. ky = 0; n = 1. 2 
Cgm2arison with converged series solutions.-  The  case of a square clamped 
p l a t e  loaded i n  uniform tension along a l l  four edges with 
considered i n  reference 8. 
t ion,  convergence w a s  established with s i x  modes i n  each d i rec t ion  t h a t  resul ted 
i n  a value of 
use t h e  method i n  t h e  present paper, r e f e r  t o  f igures  6 and 7 t o  determine 
Cl/Co and C2/Co. Then and E become (see eq. ( 4 ) )  
k, = ky = -10 i s  
With a se r i e s  representation of t h e  panel deflec- 
= 36.94 f o r  t h e  fundamental frequency ( m  = n = 1). To (:r 
A = 1.235 + 5 = 6.235 
I 
-- 
Linear interpolat ion from t ab le  l ( a )  gives t h e  lowest value of 
given 
i n  the  present paper i s  only 1 . 3  percent. 
B f o r  t h e  
- 2 
as B = 19.93. Hence (E) = 37.42. Thus the  e r ro r  of t he  method 
I n  reference 15 t h e  buckling of a square p l a t e  loaded i n  compression along 
two opposite edges i s  considered. On t h e  bas i s  of computations involving 
determinants up t o  t h e  twentieth order, t h e  solut ion obtained w a s  
k,( c r i t i c a l )  = 10.08 f o r  m = n = 1. 
again r e f e r  t o  figures 6 and 7 t o  determine C1/Co and C2/Co. Then and 
B become (see eq. ( 4 ) )  
To use t h e  method of t h e  present paper, 
- 
A - (  = - -1.237 -F 
J - B = -5.14 
- 
The lowest value Of - f o r  t h e  given B i s  found by interpolat ion from 
t a b l e  l ( a )  t o  be A = -3.82. Hence k x ( c r i t i c a l )  = 10.12. Thus, t h e  e r ro r  of 
t h e  method of t h e  present paper i s  0.4 percent of a r e su l t  obtained by a much 
more laborious method. 
Finally, i n  reference 2 frequency r e s u l t s  a r e  given f o r  several  modes of 
It w a s  assumed t h a t  convergence a square clamped p l a t e  with no inplane load.  
w a s  obtained with a 36-te1~1 ser ies .  
t ab l e  and a re  compared with r e su l t s  obtained by t h e  method of t h e  present paper: 
The r e s u l t s  are given i n  the  following 
Source 
(4%) 
m = l  m = l  
Reference 2 
Present paper 
I Percent var ia t ion  . . . I 0.15 I 0.58 I 
1 1 1 I 
f o r  - 
m = 2  




m = 2  




. .  
From these comparisons it i s  seen t h a t  t h e  method of t he  present paper i s  very 
accurate f o r  a square clamped p la te .  For other length-width r a t i o s  and bound- 
a ry  conditions the  accuracy would be expected t o  be as good or be t t e r .  Thus 
t h e  r e su l t s  tabulated i n  t ab le s  1 t o  4 provide an accurate and rapid means of 
calculating the  frequencies and buckling loads of p la tes  f o r  large ranges of 
length-width rat io ,  s t i f fnes s  ra t io ,  inplane loading, and boundary conditions. 
Comparison with approximate solutions.-  The methods of Galerkin ( r e f .  13) 
o r  R i t z  (ref.  2) are often used 3.0 obtain approximate solutions t o  t h e  d i f -  
f e r e n t i a l  equation ( la )  d i rec t ly .  
t i o n  of t h e  Galerkin o r  Ritz procedure using a s ingle  clamped beam mode i n  each 
For a p la t e  clamped on a l l  edges, applica- 
18 
di rec t ion  ( in t eg ra l s  a re  tabulated i n  r e f s .  16 and 17) r e su l t s  i n  the  following 
l i n e a r  A,B re la t ions  f o r  t h e  first four modes 
- -  
7 - m = 1: -B + 2.47x + 5.14 = 0 - 
m = 2: -B + 9.33x + 39.05 = 0 
- 
m = 3: -B + 20.04K + 150 = o 
- 
m = 4: -B + 34.77A + 410.06 = OJ 
- 
where A and 5 are as defined previously. Results from equations (26) are  
p lo t ted  i n  figure 10 f o r  comparison with t h e  r e su l t s  of t h e  present method. 
can be seen t h a t  these  r e su l t s  are i n  good agreement with t h e  present solution - 
i n  t he  negative B region only f o r  a l imited range of A. This range of A 
could be extended, of course, i f  more modes were used i n  the  analysis.  





IO 2 0  3 0  40 50 
I 
1 
_-- A p p r o x i m a t e  
.-I 00 P r e s e n t  t h e o r y  
- -200 
Figure 10.- Comparison of re la t ions  obtained from present theory and one-term 
Galerkin solutions f o r  clamped supports at x = +E. 2 
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CONCLUDING REMARKS 
The na tura l  vibrat ion and buckling charac te r i s t ics  of f l a t  orthotropic 
rectangular p l a t e s  with uniform inplane loads and various ro ta t iona l  r e s t r a i n t s  
a t  t h e  boundaries have been examined theore t ica l ly .  The governing p a r t i a l  d i f -  
f e r e n t i a l  equation f o r  small deflect ions w a s  reduced t o  an ordinary d i f f e r e n t i a l  
equation by assuming an approximate m o d e  shape i n  one direct ion.  Beam modes 
were used and t h e  boundary conditions were satisfied. 
t i o n  w a s  solved exactly and t h e  boundary conditions were applied t o  obtain a 
set of frequency equations va l id  f o r  any degree of ro ta t iona l  restraLnt.  These 
frequency equations were solved i n  terms of two general  parameters 
which a re  functions of inplane s t ress ,  length-wi&th r a t i9  frequency, s t i f f n e s s  
r a t io s ,  and the  assumed mode shape. Values of A and B which sa t i s fy  t h e  
frequency equations are tabulated f o r  modes with up t o  f i v e  node l i n e s  i n  one 
d i rec t ion  and any number i n  t h e  other, from which the  buckling and vibrat ion 
charac te r i s t ics  of an orthotropic rectangular p l a t e  can be quickly determined 
f o r  any combination of inplane loading and boundary ro ta t iona l  r e s t r a in t .  
accuracy of t h i s  assumed-mode approximation i s  indicated by comparison with 
converged modal r e su l t s  f o r  a square clamped p la te .  The buckling load d i f fe red  
from the  converged results by 0.4 percent. For a p l a t e  with la rge  inplane ten- 
s ion t h e  first na tura l  frequency d i f fe red  from t h e  converged r e su l t s  by 1 . 3  per- 
cent and by 0.15 percent f o r  a p l a t e  without inplane s t r e s s .  For other bound- 
a ry  conditions and length-width r a t i o s  the  differences a re  expected t o  be no 
grea te r  and i n  many cases w i l l  be l e s s .  Thus t h e  tabulated r e su l t s  provide an 
accurate and rapid means of calculating the  frequencies and buckling loads  of 
p l a t e s  f o r  la rge  ranges of length-width rat io ,  s t i f f n e s s  ra t io ,  inplane loading, 
and boundary conditions. 
The d i f f e r e n t i a l  equa- 
A and 
The 
Other r e su l t s  of t h e  invest igat ion revealed: 
1. The square of t h e  frequency i s  a l i n e a r  function of inplane s t r e s s  f o r  
simply supported p la tes  but may be nonlinear f o r  p l a t e s  with other edge 
conditions. 
2. The fundamental mode does not ex i s t  f o r  cer ta in  ranges of compressive 
loading unless a l l  loaded edges a re  simply supported. 
3 .  The one-term Galerkin solutions and Ritz  solut ions of ten used f o r  
vibrat ing p l a t e  problems can be considerably i n  e r r o r  f o r  cer ta in  values of 
compressive loading and p l a t e  length-width r a t i o .  
Langley Research Center, 
National Aeronautics and Space Administration, 
Langley Station, Hampton, Va., February 9, 1965. 
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APPENDIX A 
APPROXIMATE SOLUTIONS OF THE FREQUENCY EQUATIONS 
An approximate - r e l a t ion  i s  developed herein which may be used t o  deter-  
mine values of B f o r  any given value of grea te r  than t h a t  presented i n  
the  tab les .  This approximation becomes exact as A + m. 




Note t h a t  as a +- where m i s  odd, p + m  and tanh p + 1, hence 
can be obtained as follows: Let 
+ 00 (see eq. 4 ) .  For t h i s  case, an approximate r e l a t ion  between and 
where E i s  some vanishingly s m a l l  posi t ive number and hence, t an  a i s  a 
negative number, t h a t  i s  
Substi tution of equations ( A 2 )  and ( A 3 )  i n to  equation ( A l )  gives 
It i s  convenient t o  wri te  t h i s  equation i n  the  following form 
Substi tution of equation ( A 2 )  i n t o  the f irst  of equations (12) gives 
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APPENDIX A 
From t he  second of equations (12) 
If equations (A5)  and ( A 6 )  a r e  subst i tuted i n t o  equation ( A 7 )  and 
allowed t o  approach zero, t h e  r e s u l t  i s  
E i s  
- - 
Thus, f o r  any given value of A and q, t h e  corresponding value of B can 
be calculated.  It i s  emphasized again, however, t h a t  t h i s  r e l a t ion  should be 
used on ly  f o r  posi t ive values of B grea te r  than those l is ted i n  the  tab les .  
even gives 
t h e  same re su l t s  as equation ( A 8 ) .  Hence, equation (A8)  can be used f o r  both 
t h e  symmetrical and t h e  asymmetrical-modes. Further, equation ( A 8 )  shows the  
in te res t ing  I re lat ionship t h a t  when B a t t a i n s  la rge  pos i t ive  values, t h e  value 
of B f o r  q, # 0 i s  t h e  value of f o r  simple supports (qx = 0) plus some 
addi t ional  parameter which takes  in to  account t h e  e f f ec t  of t h e  edge r e s t r a in t s .  
- 
Use of equation ( A 2 )  i n  t h e  second of equations (16) with m 
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DERIVATION OF COEFFICIENTS C1/Co  AND C2/Co 
The def lect ion functions, Y ( v ) ,  used t o  determine t h e  coeff ic ients  
C l / C o  and C,/Co must s a t i s f y  the  boundary conditions. 
Clamped beam m o d e s  give good r e su l t s  f o r  qx = m with = 0 and fi 
pos i t ive  ( see  f i g .  10) and, thus, t h e  beam modes f o r  each f i n i t e  
assumed t o  give sa t i s fac tory  r e s u l t s  f o r  t he  calculat ion of C 1 / C o  and C$O. 
These beam modes can be obtained from the  equations already derived (eq. (18)) 
by l e t t i n g  i;.-+O. Further, f o r  no axial load, A = 0, which implies a = p 
( see  eq. (12) ) .  Thus, Cl/Co can be wr i t ten  as a function of one parameter, 
say 6, where 6 i s  a function of qy. Use of t h e  mode shapes as given by 
equation (18) i n  equation (7)  gives the  coeff ic ients  C 1 / C o  and C2/Co 
qy w i l l  be 
- a 
7 7 
(z)s = 166 4 
(z)A = 166 4 
Y 
(Symmetrical) 
For qy = 0 (simple supports), these equations reduce t o  
(Asymmetrical) 
d 
( Symnetri c a l )  7 
(Asymmetrical) J 
which a re  exact f o r  both t h e  symmetrical and the  asymmetrical modes. 
With equations (Bl) and (B2), t he  var ia t ion  of C l / C o  and C$.!O with 
The r e s u l t s  a r e  p lo t t ed  i n  f igures  (6) qy 
and (7) using the  data of t a b l e  5 .  
vibra t ion  and buckling charac te r i s t ics  of an or thotropic  p l a t e  with any combi- 
nation of clamped and/or ro t a t iona l  r e s t r a i n t s  can now be determined. 
for each mode can be calculated.  
With these curves, and t ab le s  1 t o  4, t he  
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TABLE 2.- SOLUTIONS OF FFLEQWCY EQUprIONS I N  TERMS OF AND FOR FINITE ROTATIONAL RESTRAINTS WITH q, = 40 
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( b )  Asynrmetrical modes 
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TABLE 3.- SOLUTIONS OF FFEQUKNCY EQUATIONS IN TERMS OF X AND i FOR FINITE ROTAIPIONAL RESTRAINTS WITH qx = i o  - Concluded 
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TABLE 4.- SOLUmONS OF FREQUENCY EQUATIONS IX TERMS OF H AND E FOR FINITE ROTATIONAL RESTRAINTS WlX3 q, = 2 
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(b) Asynmetrical modes 
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TABLE 5 .- SOLUTIONS OF FREQUENCY EQUATIONS (16) FOR a = $ = 6 WITH 
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